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Book Review 
JEAN DIEUDONNB, Abrkgi d’histoire des mathkmatiques: 1700-1900 (with 
collaborators). Hermann, 1978, 2 ~01s. 
A. Introduction 
This latest opus from the prolific pen of M. Dieudonne is an important addi- 
tion to the all too few comprehensive surveys of advances in mathematics since 
1800. Its chief author was a major confidant of and consultant to the immortal 
M. Bourbaki, who has already written a splendid set of historical notes [2b] on 
topics in which he has a special interest. So one opens the new two-volume 
Abrge’ d’histoire des math~matiques with keen anticipation. On the whole one 
will not be disappointed. The new Abrkgk d’histoire (“Abridged history”) 
retains much of the authoritative precision that distinguished these notes, and 
is far more comprehensive. 
It also has much the same guiding philosophy (see Part E below). Thus its 
Introduction restates M. Bourbaki’s opinion as to what is central in contem- 
porary mathematics: 
Contemporary mathematics has inevitably become the study of very 
general abstract structures such as groups, rings, topological space, 
operators, sheaves, schemes, etc. 
Its Foreword further states that, by reformulating 19th-century ideas in the 
much wider framework of such structures, new tools have been forged which 
have enabled 20th-century mathematicians to solve difficult problems which 
had resisted classical methods. 
Its Foreword further states that the AbrLge’ d’histoire is intended to be readable 
by students who have had only two or three years of (French) university mathe- 
matics, but of course it will have a far wider international readership. The 
present review, especially its Parts F and G, is intended for this wider readership, 
which includes professional mathematicians, scientists, and historians of science 
alike. 
Readers having broad interests will find that the treatment of different 
mathematical topics by M. Dieudonne and his collaborators lacks balance; it is 
uneven in quality, content, and length. Thus nearly half of the Abrig d’histoire 
consists of three book-length chapters devoted to number theory, elliptic 
functions and Abelian integrals, and logic, respectively. Hence I shall review 
its twelve substantive chapters individually. 
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B. The Eighteenth Century 
First, one can only admire as a magnificent tour de force the compression by 
M. Dieudonne of the mathematical developments of the 18th century-the 
flowering of the calculus as conceived by Newton and Leibniz-into 34 breath- 
less pages. Incisive comments on “rigor and formalism,” and precise attributions 
of many of the most important discoveries of that bygone era, including in 
particular Euler’s contributions to the theory of special functions, give to this 
brief chapter great value. 
However, one misses Lagrange’s idea, unequivocally expressed on page 5 of 
his Thiorie des fonctions analytiques (Paris, 1797), that by assuming that all 
functions are defined (locally) by power series, “the differential calculus is 
freed from all considerations of infinitesimals and limits.” This idea foreshadowed 
the later function theory of Weierstrass, not to mention the modern concepts 
of formal power series rings and fields. 
On this point, one may also question the later cavalier dismissal of Lagrange’s 
book,l on pages 336-337, with the condescending remark: “We shall see how a 
new generation [of creative mathematicians] will belie [“dementir”] the pes- 
simism of this 62 year old mathematician.” (Actually, Lagrange himself did 
not seem to feel any pessimism at all about his idea, which he first published 
when he was only 35.) 
The remaining 769 pages of the Abrt!gge’ d’histoire are by no means devoted to 
the 19th century, as the book and chapter titles would imply. The earlier 
chapters contain several fllashbacks to the 18th century, rounding out its 
description, while the later chapters increasingly consider 20th-century mathe- 
matics. For reviewing their contents, it will improve continuity by taking up in 
turn (i) algebra and geometry, (ii) analysis, and (iii) probability and logic, even 
though the book mixes (i) and (ii) in its chapter sequence. 
C. Algebra and Geometry 
Developments in algebra to 1900 and geometry to 1840 are described in 
75 pages, by MM. Guerindon and DieudonnC. They first state that 
the big thing about 18th century mathematics was the application of 
the calculus to a host of problems . . . algebra and number theory were 
consequently neglected during the first half of the century. 
Also, that algebra and geometry are inextricably intertwined. They then review 
carefully, with very precise attributions, the main advances in polynomial, 
linear, and multilinear algebra, and in metric and projective geometry, from 
1 Rouse Ball calls it “the starting point for the researches of Cauchy and Jacobi”; see 
also Kline [6, pp. 430-4321. 
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1850 to 1900. In passing they give clear summaries of the main facts about 
these subjects. They conclude by describing the genesis (in the 19th century) 
of the concepts of “group,” “ring,” “field,” and (homo) “morphism,” so central 
to “modern” algebra. 
The end of this otherwise excellent chapter is marred by a serious mis- 
representation of the significance of van der Waerden’s Moderne Algebra and 
post-1930 developments in Algebra. Whereas van der Waerden’s Einleitung 
states clearly that his goal was to demonstrate the fruitfulness of the axiomatic 
method (for the 1920s) we read on page 122 the astonishing assertion “one of 
the clearest traits distinguishing . . . Modern Algebra is its almost complete 
elimination of determinants.“2 
After a short chapter on analytic functions (see Part D), the discussion of 
Algebra is rounded out by a 130-page review of progress in number theory, 
written by W. and F. Ellison. A two-page quotation from Legendre whisks the 
reader on a magic carpet up to around 1750; in five more pages we are at the 
Disquisitiones of Gauss to which, not surprisingly, 12 pages are devoted. A 
fascinating account is given of the origins of algebraic number theory, in which 
the fallacy in Lame’s “proof” of Fermat’s Last Theorem is exposed by Liouville, 
and the discovery of ideals motivated. Dedekind’s unique factorization theorem 
for ideals, and Hilbert’s 1897 Zahlberich are followed by a verbatim translation 
of his Problems 8 through 12. 
By this time, the chapter has gathered so much momentum that the Ellisons 
find it impossible to stop at 1900, and go on to Landau, Hecke, Hensel, Takagi, 
Artin, Hasse, and Chevalley on class field theory; to diophantine approximation; 
and to the distributions of primes (through Littlewood and Davenport). The 
authors (or perhaps Dieudonnt himself) could not resist tacking on at the end 
an all too brief account of de Ligne’s proof of Weil’s generalized Riemann-Artin 
thesis, based on the theory of schemes. 
On the whole Geometry is slighted in the Abrkge’ d’histoire; moreover, the 
references to original sources are less precise than in the earlier chapters. Thus 
Klein’s Erlangen Programm and Hilbert’s Grundlagen der Geometrie are deferred 
to the chapter on Logic, and developments in classical geometry since 1840, to 
which the Enc. Math. Wiss. devoted over 1000 pages, are ignored. Darboux, 
about whom Hilbert wrote (Acta Math. 42, p. 269) that “if PoincarC was more 
brilliant, Gaston Darboux did not occupy a less dominant position” in French 
mathematics in the last third of the 19th century, is mentioned only twice in 
passing. 
After describing Geometry as the “branch of mathematics that has always 
r Bourbaki gives a very different (and much better) assessment of modern algebra in 
his Algibre [2, Book II, Chap. 1, pp. 156-1571, where he also mentions “the extraordinary 
fortune which the idea of group (and the intimately related idea of invariant) has enjoyed 
in [2Oth-century] Analysis, Mechanics, and Theoretical Physics.” For this reviewer’s 
analysis of the role of modern algebra (to 1950), see [13, pp. 41-851. 
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attracted the most amateurs,” and sketching its evolution from the complex 
projective geometry of Chasles (1837) to algebraic geometry, the subject is 
ignored until differential geometry is taken up in Chapter IX (Paulette 
Livermann) and topology in Chapter X (Guy Hirsch). Sources are documented 
less precisely than in earlier chapters. 
Following careful but standard discussions of the Frenet-Serret formulas, 
the Monge-Ampere equation, and Gaussian curvature, Mme. Livermann traces 
the origins of E. Cartan’s concept of a “moving frame” [“rep&e mobile”]. 
Only then is Jacobi’s 1836 notion of “conjugate points” on a geodesic taken up, 
as a “continuation of Gauss.” The chapter concludes with the concepts of a 
Riemannian variety, “the absolute differential calculus” of Ricci, and the 
parallelism of Levi-Civita, all influential for general relativity. 
Almost inevitably, over three-fourths of the chapter on topology is concerned 
with developments after 1900. Poincare’s path-breaking innovations are given 
due emphasis; L. E. J. Brouwer’s fundamental theorems are carefully stated; 
and the gulf that separated general topology from combinatorial (now called 
“algebraic”) topology until 1933 is well described. But the difficult transition 
from intuitive to rigorous topology (e.g., in Veblen’s proof of the Jordan curve 
theorem and Brouwer’s proof of the topological invariance of dimension) is 
passed over lightly. Moreover the large and important theory of “flows” of 
dynamical systems (volume-conserving, by Liouville’s theorem) is largely 
ignored. These omissions are partly compensated for by critical capsule reviews 
of about 20 post-1930 books on topology, mostly in a sentence or two. 
D. Analysis 
The historical review of analysis begins with a brilliant but brief chapter by 
J. L. Verley on analytical functions, in an isolated position between algebra and 
number theory. He quotes Poincare’s comparison of the styles of Cauchy, 
Riemann, and Weierstrass (Acta Math. 22, p. 1) to provide a central theme, 
and expands on this theme by systematically reviewing the ideas of these great 
men-much as we done (more thoroughly) by Felix Klein [5] a half-century ago. 
The chapter then switches abruptly to a discussion (by Dieudonnt ?) of the revival 
of interest in functions of several complex variables, stemming from the work 
of H. Cartan, Behnke, and Thiillen in the 193Os, and recent theorems by K. Stein 
and Serre. The statement that “it is impossible to given here even an idea of 
these theorems” is very true. 
Sandwiched between the long chapter on number theory and the chapter on 
functional analysis is another long chapter by Chr. Houzel on elliptic functions 
and Abelian integrals. Since so many ideas about (complex) analytic functions 
originated in observations about elliptic functions and Abelian integrals, one 
wonders why it was not placed next to Varley’s chapter. 
Although a gold mine of interesting information, it lacks historical continuity. 
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Thus it discusses the influence of Galois, whose ideas were buried for decades, 
before that of Jacobi, and includes a minor 1912 application by Villat to potential 
flows, while ignoring the fundamental 19th-century work of Stokes, Kelvin, and 
Kirchhoff on related problems. Otherwise, unlike the other two book-length 
chapters, it does stop at 1900. 
So much for complex analysis. The historical presentation of real analysis 
begins with a scholarly description by P. Dugac of the genesis of the “foundations 
of analysis.” Excellent reviews are given of the contributions of Bolzano and 
Martin Ohm. Dugac identifies Weierstrass’ teacher Gudermann as the true 
originator (in 1837) of the idea of uniform convergence, a decade before Ph. 
Seidel and Stokes groped for the right definition. He also documents Meray’s 
priority for the Cantor-MCray construction of irrational numbers. For the 
evolution of Lebesgue’s measure theory, the reader is wisely referred to Hawkins’ 
in-depth study [4]. Dugac explains well how Felix Klein originated in 1895 
the phrase “arithmetizing analysis,” but he could have used this phrase to a 
greater advantage as motivation for his final section on the foundations of 
arithmetic. In Chapter XI, Dieudonne supplements Dugac’s Chapter VI, by 
surveying selected 20th-century developments (Radon, Lebesgue-Nikodym) on 
measure and integration. 
To include a chapter on functional analysis in a book ostensibly limit to 
170&1900 is an obvious anachronism, but when the chapter is written by an 
expert of the stature of M. Dieudonne, it has to be taken seriously. Actually, 
Dieudonne’s Chapter XI begins with a 30 page review of 19th-century develop- 
ments in the theory of differential equations; Sturm-Liouville theory is included 
to motivate spectral theory. As usual, his precise attributions are a joy. He then 
proceeds to the theory of integral equations (Volterra, Fredholm), and again 
bursts the 1900 barrier by continuing through the Hilbeti-Schmidt theory, as 
a prelude to “normed spaces and spectral theory.” Curiously, he ignores the 
path-breaking work of von Neumann and Stone on unbounded self-adjoint 
operators in Hilbert space; his bouquets go instead to Gelfand. Nonlinear 
operators are covered in 15 lines; it seems to be (linear) “harmonic analysis” 
that he regards as really important. 
E. Probability ; Logic 
The Abrkgt! d’histoire concludes with a vivid thumb-nail sketch by Loeve of 
20th-century advances in probability theory, followed by a book-length chapter 
on “axiomatics and logic” by M. Guillaume. 
After a few sweeping general statements [“metaphysic and epistomology 
have both been conquered by probability”], and five pages on the pre-1925 
history of probability and statistics (there are later backflashes, too), Loeve 
takes up his main theme: the “heroic period of probability, 1925-1940.” He 
outlines in depth how, by considering probability as a countably additive 
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measure (Borel, 1909), rigorous proofs were obtained during these years of its 
main limit theorems, in their natural generality. Applications to statistical 
mechanics (ergodic theory) and Brownian motion are described. 
This leaves little space for explaining the debt of probability to classical or 
combinatory analysis, or its applications to quality control, sequential analysis, 
or the design of experiments. Finally, Loeve does not do justice to Wiener 
measure (1923), which really inaugurated the Heroic Period, or to Wiener’s 
generalized harmonic analysis (cf. Section 4, 18 of Mackey’s article in [l 11). 
Guillaume’s discussion of axiomatics proceeds smoothly from Euclid through 
the discovery of non-Euclidean geometries, the invention of Riemannian 
geometry, the Erlanger Program, and Pasch, to Hilbert’s Grundlugen der Geo- 
metrie. The discussion of the sources of Hilbert’s ideas (including Peano, Pieri, 
and Padoa) is especially informative. 
Then comes a review of the development of an algebra of logic by Leibniz, 
Boole, C. S. Peirce, SchrBder, and others. The ideas of Frege and Peano are 
taken up again-followed by flashbacks to Descartes, Leibniz, Peacock, etc. 
The discussion (pp. 340-375) is rich in detail, although somewhat rambling. 
The 20th century is treated in the same style; the reader is exposed to many 
interesting facts as he wanders back and forth through the decades. Logicism 
and set theory, from Cantor through Zermelo and Godel to Paul Cohen, are 
reviewed with many quotations from statements by famous men. The essential 
arguments between the “intuitionists” (Brouwer, Weyl) and the “formalists” 
of the Hilbert school are rehashed, followed by sketches of Church’s thesis, 
Turing machines, recursive functions, and “model theory.” A bibliography of 
325 articles and books is appended. 
F. Histories of Mathematics 
The Abrbgge’ d’histoire says little about its relation to other histories of mathe- 
matics where further relevant information may be found. Its value would be 
enhanced by devoting a half-page or page in each chapter to supplementary 
sources. This is especially true of its rather weak survey of progress in classical 
geometry. Chasles’ classic Aperp historique (1837) is downgraded to a mere 
bibliographical item, while Gino Loria’s notable Teorie Geometriche (4th ed., 
1930) and Collidge’s lively History of Geometrical Methods are not mentioned 
at all. Likewise, the possibility (even desirability) of reading selections from 
original sources like Ostwald’s Klassiker der Exakten Wissenschaften is not 
pointed out. In particular, the account of 19th-century analysis spread over 
Chapters IV, VI, and VIII of the Abrige’ d’histoire would become fresher if 
supplemented by a few excerpts from [l]. Also, van Heijenoort’s From Frege to 
Giidel in the same series constitutes an invaluable supplement to Chapter XIII, 
by giving first-hand glimpses into the thinking of the great logicians of the past 
century. 
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In addition, references could have been given to great classics. Books like 
Osgood’s Funktionentheorie, Lamb’s Hydrodynamics, Whittaker and Watson’s 
Modern Analysis, and Kellogg’s Potential Theory include thumbnail histories 
of their subjects, traditionally in the form of copious footnotes. By looking up 
the sources referred to there, one gets a very clear notion of the progress of 
ideas. The AbrLgL d’histoire could well have mentioned these and the great 
French Cows d’analyse of Cauchy, Hermite, Jordan, Picard, and Goursat, 
where so much was said so well. 
Mathematicians curious about the history of modern (pure3) mathematics 
should read also the fascinating account of developments stemming from Hilbert’s 
problems, edited by Felix Browder [3]. Other accounts of recent mathematical 
progress emphasizing contributions by American mathematicians are being 
published in the Graduate Studies of Texas Tech University, as Nos. 13 and 22 
in the Rice University Studies [ll], and by the Mathematical Association of 
America [9]. 
Inevitably, an BOO-page survey of mathematical developments to 1900 and 
after must omit some areas and slight others, and it seems unnecessary to rational- 
ize the choice of topics neglected. Dieudonne’s vigorous and sometimes self- 
righteous justifications of his particular disfavorites are unimpressive. Thus his 
Introduction (0. 1) justifies the exclusion of “algebraic geometry, Riemannian 
geometry, [Kahler manifolds], spectral theory of operators, ergodic theory, the 
theory of distributions, Lie groups, harmonic analysis, and a good part of 
algebraic topology and global differential geometry,” so as to avoid “the risk 
of being unintelligible.” Actually, something simple and interesting could be 
said about most of these topics. As for Riemannian geometry, one wonders 
why a topic presented in the histories by F. Klein [S] and M. Kline [6], not to 
mention E. T. Bell and J. L. Collidge, has suddenly become so inaccessible- 
until one finds a nice discussion of it in the AbrLgL d’histoire, Sect. IX.VI! For 
harmonic analysis, see Mackey [I 1, pp. 73-2281. 
In spite of these shortcomings, the Abrig; d’histoire standards out as the best 
available account of the origins of the ideas that dominated (pure) mathematical 
research in the mid-20th century. True, Kline’s MathematicaE Thought [6, 
pp. 391-6131 gives a more adequate account of 18th-century advances, and his 
description of 19th-century developments [6, pp. 614-10391 is more broadly 
based. Moreover, because he “treats each development at the stage where it 
became mature, prominent, and influential,” Kline preserves more of the 
Zeitgeist of creative mathematics. But the AbrLgL d’histoire brings into much 
sharper focus the foundations that past advances provide for today’s n&the- 
matical research. 
3 One could also name notable surveys of the historical origins of modern statistics, 
computing, and mathematical physics. 
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G. Philosophies of Mathematics 
Any history of mathematics is bound to be influenced by the philosophy of 
its author. Some authors (E. T. Bell is an extreme example) emphasize that 
mathematics is a human activity. This adds life and color to their accounts, 
which can resemble Plutarch’s Lives. The latter inspired Shakespeare, and 
surely biographical accounts such as Constance Reid’s Hilbert (her Cow-ant: 
Giittingen and New York less so), Ulam’s delightful Adventures of a Mathe- 
matician, and Wiener’s candid if too often spiteful autobiographies contribute 
to its appreciation. Likewise, Mandelbrot’s biographical sketches in [S, Chap. XI] 
give illuminating psychological insights into the origins of basic probabilistic 
ideas, which valuably supplement the more objective accounts of Loeve and 
Mackey discussed above. 
This is not Dieudonne’s philosophy. Like Morris Kline, he makes biography 
“entirely subordinate” to history, and snub’s Bell’s gossipy reconstructions. 
However, he does include 300 impersonal four- to six-line vitae (five lines for 
Gauss and Ivory alike!) in a handy Historical Index. These are mostly based on 
the splendid Dictionary of Scientific Biography, whose editor (Charles Gillispie) 
and publisher (Scribner) Dieudonne fails to specify. 
Dieudonne’s philosophy of mathematics is clearly explained in his Introduc- 
tion. Here he draws bold and brilliant sketches of “the career of a mathemati- 
cian, ” “the mathematical community,” and “the evolution and progress of 
mathematics.” His conclusion, taken from Bourbaki [2a, G.B.] and already 
quoted in Part A, is that “contemporary mathematics has inevitably become the 
study of very general abstract structures.” 
Advances in “applied” mathematics since 1800 seem to M. Dieudonne of 
secondary importance. He observes, quite correctly, that the influence of 
“mechanics, astronomy, and physics” on mathematics was stronger in the 
centuries 1675-1875 than it has been in the last century. His implicit conclusion 
is that the main advances in mathematics will come from the deeper study of 
its internal structures. He argues that mathematicians should have the same 
freedom as “specialists in cosmology, prehistory, or archaeology.” 
But what about computers ? One has only to read Poincare’s essay on “The 
Future of Mathematics” [lo, Chap. 111, written in 1905, to realize how ephemeral 
such interpretations are. If Bourbaki’s concept of mathematics as the study of 
“structures” continues to dominate research in 200, let alone 2050, it will be a 
sure sign of stagnation! 
Moreover, if there is one valid criticism of the Bourbaki philosophy, it is 
that it is too inward-looking (some say narcissist). To rehzte mathematics to 
the other sciences, and even to other components of our culture (music and 
linguistics, for example) seems to many at least as interesting as, and even more 
challenging than, classifying all simple finite groups, or proving the Weil 
conjecture. Even M. Bourbaki [2, Livre II, Chap. I, p. 1571 recognized the 
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importance of groups for “Analysis, Geometry, Mechanics, and Theoretical 
Physics.” To ignore applications to Physics and the stimulus that group theory 
received in return (e.g., from crystallography and quantum mechanics), has 
the unfortunate effect of cutting Mathematics off from Science as a whole. 
A very different philosophy was expressed by Felix Klein in his Entwicklung 
[6] ; its Introduction states in part that his aim was 
to give mathematics its due place as one of the oldest and most honor- 
able activities of the human spirit. . . . More than any other science, 
mathematics derives powerful conclusions from a few principles. The 
character of exclusiveness that distinguishes its development from the 
other edifices of the spirite and provides its famous “clarity,” also 
make it the hardest of all the sciences to pursue. 
Klein’s effort to give mathematics its “due place” begins (naturally) with 
Gauss. Surprisingly, he describes Gauss’ “applied” contributions before 
reviewing his “pure” mathematical work. Klein next describes the Paris Kcole 
Polytechnique, whose curriculum was notable for its emphasis on mathematics. 
This was the original model for institutes of technology all over the world. 
Obviously, Klein’s attitude is more conducive to opportunities for mathematical 
employment than Bourbaki’s! If we remember that Felix Klein was a great 
organizer who influenced public policy, whereas the Abrigt? d’histoire is written 
for (pure) mathematicians, the differences in their attitudes seems natural enough. 
Partly because of its philosophy, the new AbrL’:ge’ d’histoire seems to this 
reviewer more narrowly professional than Felix Klein’s Entwicklung. Moreover, 
it is far less comprehensive than Morris Kline’s Mathematical Thoughts. But 
many important mathematical developments find their most authentic chronicle 
(from a modern standpoint) in the volumes by M. Dieudonne and the ten 
collaborators writing under his direction. 
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